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1 Introduction
String theory [1, 2, 3] is defined by the two dimensional non linear sigma-model
S =
1
4πα′
∫
d2ξ
{[√−ggijGµν + εijBµν] ∂iXµ∂jXν + α′Φ√−γR(2)
}
, (1)
provided the following space-time interpretations (fig. 1):
1. X are the space-time coordinates where the string is embed.
2. G,Φ, B are the external background fields called the metric, the dilaton
and the torsion, respectively.
3. g is the world sheet metric.
4. ξ are the world sheet coordinates.
The governing principle of string theory is the world sheet Weyl invariance
of (1), understood as a two dimensional field theory. Interpreting G,B and Φ
as coupling constraints the requirement of Weyl invariance becomes equivalent
to the following equations:
βGαβ = Rαβ −
1
4
H2αβ + 2∇α∇βΦ,
βBαβ =
1
2
∇γHγαβ −∇γΦHγαβH,
βΦ =
D
6
+
α′
2
[−R+ H
2
12
+ 4(∇Φ)2 − 4∇2Φ], (2)
2
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m
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Figure 2: Regge Trajectory
where the β’s in (2) are the different beta functions for the Lagrangian of (1)
and R,H are the strength fields of G,B.
One of the most interesting aspects of string theory can be already obtained
by direct inspection of the first equation of (2) which present a strong similarity
with general relativity Einstein’s equations. More precisely we can define as-
sociated with the string theory (1) an effective Lagrangian on the background
fields L(G,B,Φ) such that the corresponding equations of motions
δL
δΨi
= 0 , Ψi = G,B,Φ, (3)
coincide precisely with the beta function equation (2). This effective Lagrangian
is given by:
I =
1
2κ2
∫
dx26
√
−Ge2Φ
[
R+ 4∇µφ∇µΦ− 1
12
H2
]
(4)
Note that this lagrangian is not defined in the canonical form of Einstein gen-
eral relativity. To make contact with the more familiar Einstein formalism we
perform a rescaling on the metric absorbing the dilaton into the new metric.
The resulting metric is known as the Einstein metric or the canonical metric,
while the original metric is called string metric. The precise transformation is
given by:
Geαβ = e
−Φ/2Gsαβ . (5)
The previous discussion correspond to the closed bosonic string. The phys-
ical spectrum of this string contains a tachyonic mode with mass square −2α′ ,
a massless state of spin two containing the graviton, antisymmetric tensor and
the trace part that is identify with the dilaton. On the top of this, a tower of
massive states with masses proportional to −1α′ (fig.2).
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Figure 3: World-sheet parametrisation
Graviton and tachyon scattering amplitudes for this string theory are defined
in terms of vertex operators:
Vtachyon = e
ikx,
Vgraviton = ηµν∂X
µ∂Xνeikx, (6)
At tree level these amplitudes are consistently defined for D ≤ 26, for D the
space-time dimension. At one loop level the requirement of unitarity implies
that D should be equal to the critical dimension D = 26.
A slightly different type of strings are the open string. In this case the Regge
trajectory contains a massless spin one state that we can try to identify with
some sort of gauge boson. The definition of open strings requires to specify
precise boundary conditions at the end points of the string. If we want to pre-
served target space-time Lorenz invariance we should choose Newman boundary
conditions.
∂σX = 0 |end points (7)
with the parameterization of the world sheet as indicated on (fig.3).
In addition the above type of strings allow us to decorate its ends with addi-
tional information, the so called Chan-Paton factors, that we can heuristically
imagine as pairs of “quark-antiquark” transforming in the fundamental repre-
sentation of some gauge group G. This makes for G = U(N) that the open
string states will transform in the adjoin representation as it should be for a
gauge boson. In case we consider orthogonal groups G = SO(N) the require-
ment for the gauge boson to transform in the adjoint representation implies
to introduce an orientation to the open string. Gauge boson associated with
exceptional algebras can not be included on this way. This was one of the main
motivations for the discovery of the “heterotic string”, that surprisely enough
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Figure 4: One loop amplitudes
are closed strings that contains in its spectrum massless gauge bosons for the
group E8 ⊗ E8. Gauge boson amplitudes for the open bosonic string can be
easily computed using the following vertex operators:
V = ξ∂Xeikx. (8)
As in the case of the closed bosonic string, the open strings contains a tower on
massive states, with masses of order 1/α′, and a tachyon with negative square
mass. In figure (4) we have depicted some open string one loop amplitudes.
Examples like (a) are planar, i.e. they can be draw in a plane, while examples
as (b) can not, and are called non-planar.
One of the deepest aspects of open string theory can be already discussed
from direct inspection of diagram (b). Namely, from the standard scattering
theory point of view, what we are seeing is a scattering of open string with
closed string states contributing to the internal channel. In other words closed
strings appears naturally as interaction products of open strings. This simple
and basic fact of string theory should immediately ring a bell of any quantum
field theorist. In fact we can always work out string theory in the infinite tension
limit (α′ → 0) where we decouple all the tower of massive states. From the open
string point of view the result should be a pure gauge theory, while from the
closed string point of view should land in pure gravity. We may wonder then,
if there is any residual effect of the string open-closed relation that survives at
the limit α′ → 0?. This is a basic question that will allow us to enter into the
very recent important developments connecting Yang Mill theories and gravity
but before that we need to discuss another aspect of the open-closed interplay
namely the D-branes and T-duality.
2 D-Branes and T-Duality
Let us star considering a closed string in a space time of the type ℜd⊗S1R, with
R the radius of the S1. The extended nature of the closed string allowed us
to define a new quantum number, namely the “winding number” of the closed
5
string around the circle. Let us called it m. Now consider the mass formula
for the closed string states after compactification on the circle S1 (i.e. in our
example masses from the point of view of the observers in ℜd):
M2 = −pµpµ = 2
α′
(α250 )
2 +
4
α′
(N − 1) (9)
and
α250 =
(
n
R
+
mR
α
)√
α′
2
, (10)
where µ runs only over the non-compact dimensions, N is the total level of the
left-moving excitations.
This mass formula posses a very interesting and amazing symmetry defined
by:
n↔ m , R↔ α
′
R
, (11)
This symmetry is known as T-duality [4].
As it should be clear from the effective Lagrangian (4) if we require not
only invariance of the spectrum but also invariance for the amplitude we should
change the dilaton field as
Φ˜ = Φ− ln( R
α′1/2
). (12)
The above example of T-duality can be generalized to generic backgrounds with
a Killing vector. The T-duality transformation with respect to this isometry is
given by the so called Buscher transformations [13]:
G˜kk =
1
Gkk
,
G˜kα =
Bkα
Gkk
, B˜kα =
Gkα
Gkk
,
G˜αβ = Gαβ − GkαGkβ −BkαBkβ
Gkk
,
B˜αβ = Bαβ − GkαBkβ −GkβBkα
Gkk
, (13)
where the letter k stands for the direction of the isometry. Obviously the above
transformations are generalisable to more than one isometry. Coming back to
our initial example, we note that for the bosonic string R→ 0 and R→∞ are
in all aspects equivalents provided we interchange the winding by the momenta.
In practice what happen is that for instance in the limit R = 0 an effective
“extra dimension” appears due to the generation of massless winding modes.
For a while nobody ask, concerning this strange T-duality symmetry for
closed strings, the most natural question, namely what is the interplay between
T-duality and the already mentioned closed-open string relation?.
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yFigure 5: D-brane interaction
Intuitively the problem we face is quite clear. In fact for the open string
there is no winding number, so once we go to the limit R → 0 we most expect
to end up with a d-dimensional theory (as usual in a quantum field theory),
however open strings in interactions will produce closed strings and as we have
seen in this case we get a new effective dimension, on the above limit. So what
is really happening?
The first answer to this puzzle is D-branes [5]. As we will see in a moment
open strings live in a d + 1-dimensional space time, but with the end points
attached to a d-dimensional region that we identify with the D-brane, more over
the closed string in the d+1-dimensional space time will induce a gravitational
life for the D-branes that will appears as a real source of gravity. Let us see
all this in more detail. As we mentioned before open strings are characterized
by the boundary conditions at the ends points of the string. The T-duality
transformation of (11) is geometrically understand as mirror symmetry on one
sector of the string mode expansion, this can be better seen by inspectioning
the closed string expansion that solve the field equation,
Xµ = xµ − i
√
α′
2
(αµ0 + α¯
µ
0 )τ +
√
α′
2
(αµ0 − α¯µ0 )σ
+ i
√
α′
2
∑
m 6=0
(
αµm
m
z−m +
α¯µm
m
z¯−m
)
, (14)
where z = eτ−iσ and z¯ = eτ+iσ. This expansion can be rewritten in terms of
7
1/t
Figure 6: Modular parameter
homomorphic ad anti-homomorphic functions as,
Xµ = Xµ(z) + X¯µ(z¯), (15)
then the T-duality transformation translates into a parity transformation for
the anti-holomorphic function on the above expansion,
X˜25(z, z¯) = X25(z)− X¯25(z¯). (16)
for the open string solution we have,
Xµ = xµ − iα′pµ ln zz¯ + i
√
α′
2
∑
m 6=0
αµm
m
(z−m + z¯−m). (17)
Therefore using the same transformation as in the closed string sector we get
the expansion,
X˜25 = x25 − iα′p25 ln z
z¯
+ i
√
α′
2
∑
m 6=0
α25m
m
(z−m − z¯−m). (18)
Therefore the boundary condition ∂σX
25 = 0 is transformed into ∂τX
25 = 0,
that means Dirichlet conditions at the ends of the open string. We can see
that T-duality exchange Newman boundary conditions into Dirichlet boundary
conditions. This implied that the ends of the open string are constraint to move
on a given hypersurface, that we called D(irichlet)-branes.
At this point we can come back to our previous discussion concerning the
filed theory limit α′ → 0. In fact if in this limit closed strings are still surviving
them we should expect that T-duality in the field theory limit α′ → 0 of an
open string will present somehow the phenomena of quantum generation of
extra dimension. We will come back to this issue in chapter (8).
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Figure 7: Conformal mapping
As a warming up exercise in D-brane dynamics let us consider the D-brane
amplitude represented in (fig.5).
Up to numerical actors that will not be relevant for us at this point the
amplitude is given by:
A(y) = (α′)−d/2
∫
dt
t
t−d/2η(it)(2−D)ey
2t/α′ , (19)
where η is the Dedekind function, y the space-time distance between the Dp-
brane, d = p+ 1 and t the modular parameter of the cylinder (see fig.6).
We can adopt two different points of view to interpret the amplitude in
(fig.5). From the open string point of view we have the open string stretched
between the Dp-brane and a “time” evolution along the loop with the value of
the time equal to t. From the closed string point of view we have the emission-
absorption of closed string states with the “time” of the process given by 1/t.
Both pictures are related by the conformal mapping described in (fig.7). We
will be first interested in computing (19) in the limit t → 0 that is the regime
(see fig.6) dominated by the contribution of light closed string states.
Using the transformation properties of the Dedeking function:
η(− 1
it
) = t−d/2η(it) (20)
and the expansion of η for −1/it→∞ we get:
A(y) =
[
(α′)−d/2
∫
dt
t
t−d/2t(2−D)/2ey
2t/α′
]
(D − 2), (21)
where D is the dimension of the target space time and where we have avoided
the tachyon contribution in the expansion of the expansion of η-function 1
In critical dimension D = 26 we get from the well known expression
A(y) ≈ Γ
(
23− p
2
)
|y|p−23(α′)11−p. (23)
1Recalled that:
η(is)|is→∞ = (e
1/24(1 + e−25 + ... (22)
with the factor 1 representing the tachyon contribution.
9
A = +
   dilaton
   graviton
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We can compare equation (23) with the effective Lagrangian computation.
In fact (23) is a long distance contribution where we have keep only massless
dilatons and gravitons, therefore we should compare (23) with the tree level
Feynman diagrams for the effective Lagrangian in the Einstein frame and a D-
brane coupled i.e. the Feynman diagram in (fig.8). The coupling in the vertices
in (fig.8) will depend on the gravitational constant κ and on the Dp-brane
tension τp that we want to discover by identifying the amplitude in (fig.8) and the
amplitude in (fig.4). In order to do this we need the Lagrangian describing the
gravitational interaction of a Dp-brane with the target space-time metric, the
simplest ansatz is the p-dimensional generalization of the Nambu-Goto action
S = τp
∫
dξp+1
√
−detGe. (24)
Using this amplitude and identifying the string amplitude (fig.4) with the
gravitational field theory amplitude (fig.8) we get the Dp-brane tension formulae
τp =
π(4πα′)11−p
256κ2
. (25)
In principle nothing prevent us from doing the computation of the amplitude
in th limit t → 0. Using again the amplitude for the Dedekind function what
we get in this case is
A(y) ≃ (α′)−d/2(D − 2)
∫
dt
t
t−d/2ey
2t/α′ . (26)
After performing the integration we get,
A(y) ≃ (D − 2) 1
(α′)d
Γ (−d/2) |y|d. (27)
We should notice a few things concerning (27). First of all the only dependence
on the target space-time dimension D is in the irrelevant front factor (D − 2).
This indicates that (27) reflects only the dynamics on the world volume of the
Dp-brane. Secondly contrary to the case (23) the amplitude (27) is singular.
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Figure 9: RR vertex operator on strigs
Concerning the amplitude (27) we can take the near D-brane field theory
limit
y → 0 , α′ → 0 , u ≡ y
α′
. (28)
In this case we get:
A(u) ≃ (D − 2)Γ (−d/2) |u|d. (29)
The limit α′ → 0 of (23) can be nicely taken for the special case p = 11 that
correspond to the half dimensional brane in 26-dimensions. Moreover for p = 11
it is easy to see that the dilaton exchange in the (fig.8) vanishes.
3 R.R Charged D-branes
Perhaps the most interesting dynamics of the Dp-branes appears in the case of
superstrings (for a good review of superstrings see [1]).
The Hilbert space of superstring contains different sectors depending on the
world sheet fermion boundary conditions. For periodic boundary conditions,
both in the left and right components we have the so called R ⊗ R sector. For
antiperiodic boundary conditions we have the NS⊗NS sector. The two sectors
correspond to space-time bosons. In the NS⊗NS sector we have the standard
gravity multiplet containing the dilaton graviton and antisymmetric tensor. In
the R ⊗ R sector we have also space-time bosons but this time corresponding
to the factors appearing in the decomposition of the product of two “Ramond”-
vacua,
type A 8x8¯ = [0] + [2] + [4],
type A 8x8 =, [1] + [3] + [5] (30)
with 8 and 8¯ representing the different chiralities. Space-time fermions and
gravitons are in the NS ⊗R and R⊗NS sectors.
11
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Figure 10: RR vertex operator on strigs
One loop modular invariance determines the different GSO projections. At
this point we get four different types of superstring theories. For type (A) we
get type II with two gravities and no tachyons, also type 0 where we have no
gravitons and closed string tachyons. The same for the type B strings.
What is the string meaning of the R⊗R forms appearing in (30)?. This is a
difficult question from the world sheet point of view. The reason for that comes
from the fact that strings are not sources of the R⊗R fields. The simplest way to
see this is to consider a string diagram as the one represented in (fig.9), where we
have a R⊗R vertex operator inserted in a string amplitude at zero momentum.
From the form of the vertex operator we easily see that the amplitude contains
a factor of the form
~kFµ1...µn , (31)
for F the R⊗R stress tension and k the momentum, hence vanishing for k = 0.
If strings are not sources of R⊗R fields is not clear what can be the stringy
meaning of defining backgrounds with non vanishing vacuum expectation values
for R ⊗ R tensors, moreover it is not clear at all what can act as a source of
those fields in string theory. The answer to this puzzle comes again from the Dp-
branes. In fact Dp-branes are natural sources of R⊗ R charges, the amplitude
in (fig.11) where we represent the amplitude for the Dp-brane emission of a
R⊗R quanta is now non vanishing mainly due to the fact that the world sheet
entering into the game is a disc, due to the Dirichlet boundary condition on
the Dp-brane world volume. In order to prove that the amplitude in (fig.11) is
now non vanishing we need to invoke a “picture changing” manipulation [6] to
cancel the k in (31).
Once we know that Dp-branes are -or superstrings- sources of R ⊗ R fields
we can compute the type of interaction between parallel Dp-branes mediated
by the interchange of R ⊗ R quanta. This amplitude will be exactly the type
of amplitude depicted in (fig.4), but this time we will consider the contribution
to the cylinder of R⊗R states in the spectrum. If we choose a GSO projection
implying space-time supersymmetry we will get exactly the same amplitude
with the reverse sing and with D = 10, the critical dimension for superstrings,
A(y) ∼ −(α′)3−pΓ
(
7− p
2
)
|y|p−7. (32)
Now we would like to compare this amplitude with the corresponding Feynman
12
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Figure 11: RR vertex operator and D-branes
diagram in (fig.10). In order to do that we need again to defined a quantum
field theory coupling between the Dp-brane and the R⊗R (p+ 1)-form
µp
∫
dξp+1A. (33)
with the kinetic term for the R⊗R stress tension F = dA given by∫
d10xF . (34)
By comparing the amplitude in (fig.11) with space-time (32) we get the value
of the R⊗R charge density µp for a Dp-brane:
µp = e
Φτp , τp =
π(4πα′)3−p
κ2
(35)
Probing the BPS nature of the Dp-brane. The above forms for the interaction
of the brane with the R ⊗ R field can be deduce from the equation of motion
that the open string on the D-brane background must satisfy [7]. The resulting
action is given by,
S = Tp
∫
dp+1ξ e−Φ
√
− det(gαβ + bαβ + 2πα′fαβ), (36)
where g, b and Φ are the pull backs of the 10D metric, antisymmetric tensor
and dilaton to the D-brane world volume, while f is the field strength of the
world volume U(1) gauge field Aα and Tp = τe
<Φ>.
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For the supersymmetric string theory we must extend the action to a su-
persymmetric Born Infield type action, that includes Chern-Simons type terms
that couple the Dp-brane to the R ⊗ R fields. Of course this last part of the
action, in the leading term correspond to the coupling of equation (33).
To simplify the above action we can consider the background space-time
to be flat, the Dp-brane almost flat and in the static gauge, hence giving the
expansion
gαβ ≈ ηαβ + ∂αXa∂βXa +O
(
(∂X)4
)
. (37)
On the top of this we can consider vanishing antisymmetric field b and that
2πα′Fαβ and ∂αX
a are small and of the same order. The resulting low energy
action is:
S = τp
∫
dξp+1
√
−detGˆ+
1
4g2YM
∫
dp+1ξ
(
FαβF
αβ +
2
(2πα′)2
∂αX
a∂αXa
)
, (38)
where the Yang-Mills coupling is given by,
g2YM =
1
4π2α′2τp
=
g√
α′
(2π
√
α′)p−2. (39)
The second term correspond to the dimensional reduction of the ten dimen-
sion SYM action. Once the fermions are include, the resulting action is the
dimensional reduction of supersymmetric N = 1, U(1) Yang-Mills theory in ten
dimension.
S =
1
g2YM
∫
d10ξ
(
−1
4
FµνF
µν +
i
2
ψ¯Γµ∂µψ
)
. (40)
4 Microscopic Dp-brane String Amplitudes and
Metrics
Before going into the supergravity effective Lagrangian associated with super-
string, let us motivate from the previous discussion on amplitudes the form of
the metric generated by a Dp-brane in the limit t→ 0 i.e.
A(y) ∼ (α′)3−pΓ
(
7− p
2
)
|y|p−7. (41)
In the post-Newtonian approximation we can think of (41) as a gravitational
correction to the flat metric. Moreover we can invoke the T-duality relation
between different Dp-branes to look for an ansatz for the metric of the type
ds2 =
(
1− g(α
′)7−p/2Γ
(
7−p
2
)
y7−p
)
dx2|| +
(
1 +
g(α′)7−p/2Γ
(
7−p
2
)
y7−p
)
dx2⊥. (42)
In the next section we will see that (42) is at first order in the string coupling
constant g a solution to the supergravity equations.
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5 Supergravity as an Effective Theory
In this section we are going to talk about the supergravity description of Dp-
branes. This kind of description involves the effective theory describing the low
energy massless states of the Type II superstring theories, where these massless
states are the graviton, the dilaton the NS two-form and the corresponding
R ⊗ R forms. An important point to consider about this effective theories, is
that their specific form is completely determined by requiring supersymmetry
on the massless spectrum just mentioned. Therefore if the superstring theory
has a given symmetry, the effective theory should also be invariant under this
symmetry (supersymmetry acts as a protecting shield to quantum corrections).
Actually the action itself doesn’t have to be invariant under this symmetry, is
good enough to have invariant field equations. Recall that what we really obtain
from the beta function in the non-linear supersymmetric σ-model is the field
equation for some of the massless modes. The other important point that we
should keep in mind is that because the Dp-brane are BPS states, some of their
characteristics are also protected from quantum effects, for example the mass,
charge and even the degeneracy of their spectrum, as we move on the moduli
space of the full superstring theory. Therefore the low energy description of
Dp-branes and BPS objects in general is very important. In fact these solutions
are one of the most powerful ways to study the new dualities within the different
string theories.
The effective theories (for a good review see [9]) obtained from the type
II superstrings are the type IIA and type IIB supergravity. Type IIA has for
spectrum the graviyton G, dilaton Φ, the NS two-form B, and in the Ramod
sector the one-form potential A[1] and the three-form potential A[3]. The action
in the string frame is given by
SIIA =
1
2κ2
∫
d10x
{√−Ge−2Φ[R+ 4|dΦ|2 − 112 |H |2]
−√−G [14 |F[2]|2 + 148 |F[4]|2]
}
+ 14κ2
∫
F[4] ∧ F[4] ∧B , (43)
where F[4] = dA[3] + 12B ∧ F[2] is the non-linear version of the 4-form field
strength.
The type IIB spectrum is given by the graviton G, dilaton Φ, the NS two-
form B and in the Ramond sector we get a pseudoscalar potential A[0], a two-
form potential A[2] and a four-form potential A[4] whose field strength is self-
dual. The action in the string frame is given by
SIIB =
1
2κ2
∫
d10x
√−G
{
e−2Φ
[
R+ 4|dΦ|2 − 112 |H |2
]− 2|dℓ|2
− 13 |F[3] − ℓH |2 − 160 |F[5]|2
}
− 14κ2
∫
A[4] ∧H ∧ F[3], (44)
where we have ignore the self-duality condition of F[5] to write this action
2.
The full non-linear Bianchi identity satisfied by F[5] is now dF[5] = H ∧ F[3].
2 The self-duality condition for the F[5] makes very difficult to write an action for type IIB
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By combining this ‘modified’ Bianchi identity with the self-duality condition on
F[5] we deduce that d ⋆ F[5] = H ∧ F[3], which is just the A[4] field equation.
Thus, the modification of the Bianchi identity is needed for consistency with
the self-duality condition.
To study the Dp-brane solutions of the above actions it is convenient to
consider truncations on the Lagrangian that simplify and clarify the task of
finding out the right ansatz. Basically we can always set to zero all but one
of the field strength, living us we the following type of action (written in the
Einstein frame for simplification)
I =
∫
dx10
√
−G
[
R− 12 |dΦ|2 − 12(d+1)!eaΦ|F |2[d+1]
]
. (45)
where a2 = (d− 4/2)2.
With this Lagrangian we are ready to look for solutions that are sensible
to be interpreted as Dp-branes. The ansatz we have to consider in the most
simplified case is:
• Asymptotic flat space time.
• Broken Lorentz invariance from SO(1, 9) to SO(1, p)⊗ SO(9− p).
• A bosonic supersymmetric solution.
This conditions can be understand as follows: The first item allows us to define
the meaningful quantities that characterize a BPS state like the mass, charge,
and supersimetric killing spinors. The second item assumes we are considering
the so called static gauge on the coordinates used i.e. the world-volume coordi-
nates of the corresponding Dp-brane are exactly the same as the first d = p+1
space-time coordinates xµ. Also implies that none of the configuration depends
on the above coordinates and that, in the simplest assumption all the possible
non-trivial dependence of the involved fields goes in term of a radial coordinate
defined on the perpendicular space to the brane, with coordinates ym. The
resulting form of the ansatz is given by
ds2 = e2A(r)dxµdxνηµν + e
2B(r)dymdynδmn , (46)
where r =
√
ymym. For the dilaton we have only radial dependence Φ = Φ(r)
and for the RR field we have two possibilities, one related to the electric solution
and the other to the magnetic solution, the form of the ansatz for the electric
case is
Fd+1 = dAd ; Aµ1.......µd = ǫµ1.......µde
C(r). (47)
For the magnetic ansatz we can only give an expression in terms a o the strength
filed, as there is no global definition for the associated potential,
F
(mag)
m1···mn = gd¯ǫm1···mnp
yp
rn+1
, others zero. (48)
supergravity. In any case we can always introduce this condition as a constraint at the level
of field equations
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By now the only condition we haven’t used is the supersymmetry character
of the solutions. In forthcoming sections we will be dealing more carefully with
the supersymmetric equations, but for our actual proposes, it is sufficient to
know that the constraints imposed by supersymmetry restrict the number of
independent functions from four (A,B,Φ, C) to one, let say C. Therefore using
the field equations obtained varying the action (45), we get the electrically
charged Dp-brane solution (in the Einstein frame),
ds2 = H
−d¯
d+d¯ dxµdxµ +H
d
d+d¯ dymdym
eΦ = H
a
2 (49)
H(r) =
{
1 + Kd
rd¯
if d¯ > 0
Co +Koln(r) if d¯ = 0
where a = −
√
4− 2dd¯
d+d¯
.
Note that the constant integration Kd,Ko, Co and the parameter gd¯ are not
fixed by this ansatz. Also we have introduce a new constant d¯, which satisfies the
equation d + d¯ = 8, being the worldvolume dimension of the magnetic solution
associated to a strength field F[d+1]. To get the solitonic solutions, one replaces
d by d¯ and set a(d¯) = −a(d). This will give a d¯-brane magnetically charged.
We can define the mass, electric charge and magnetic charge of the above
solutions, by the expressions,
m =
1
2κ
∫
Sd¯+1
dd¯Σm(∂nhmn − ∂mhnn),
ed =
1√
2κ
∫
Sd¯+1
e−a(d)φF ∗, (50)
gd¯ =
1√
2κ
∫
Sd+1
F,
where we expand the metric G as G = η + h. When we solve the mass, and
charges for the above metrics we find that this solutions have the characteristic
relation between the mass and charge. Also the electrically charge solution and
the magnetically charge solution satisfy the Dirac quantization condition
edgd¯ = 2πn, (51)
with n an integer.
A very peculiar fact about the electrically charge Dp-branes is that they solve
the supergravity field equations with sources at the origin, where the source
is the action of the elementary Dp-brane (24) plus the coupling with the RR
potential. This fact allow us to define the value of K,ed, gd¯ in terms of the string
coupling constant and the string length α′, giving Kd = 2
6−dπ(10−d)/2Γ(6 −
d/2)gld−4p . For future discussions it is important to rewrite the Dp-brane metrics
in the string frame, here we show the result:
For the elementary case, we have
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ds2 = H−1/2dxµdxµ +H
1/2dymdym
eΦ = H1−d/4
H(r) =
{
1 + Kd
rd¯
if d¯ > 0
Co +Koln(r) if d¯ = 0
(52)
Fµ1.......µdm = ǫµ1.......µd∂mH
−1
where µ = 0, ..., d− 1, m = d, ..., 9.
For the the solitonic case,
ds2 = H−1/2dxµdxµ +H
1/2dymdym
eΦ = Hd/4−1
H(r) =
{
1 + Kd¯rd if d > 0
Co +Koln(r) if d = 0
(53)
Fm1.......md+1 = gd¯ǫm1.......md+1l
yl
rd+2
.
where µ = 0, ...d¯− 1, m = d¯, ..., 9.
The Lagrangian of equation (45), as we just showed above, contains the class
of solutions to its field equations, relevant for the Dp-brane studies. This type of
Lagrangian is not restricted to the ten dimensional bosonic sector of a truncated
type II supergravity, in fact we found the same structure in the bosonic sector
of eleventh dimensional N = 1 supergravity theory. Where the bosonic part of
the Lagrangian is given by
S =
1
2κ2
∫
d11x
√
−Gˆ[R− 1
48
|Fˆ |2] + 1
12κ2
∫
Fˆ ∧ Fˆ ∧ Aˆ. (54)
This time the field potential is a three-form Aˆ[3], and we put hats on each
field to difierenciate from ten dimensional variables. Therefore the associated
p-branes solutions are the electrically charged M3-brane and the magnetic M5-
brane. Their names comes from the idea that D = 11, N = 1 supergravity is
the low energy effective theory of the famous M-theory. In fact D = 11, N = 1
supergravity compactified on a small circle gives type IIA supergravity in ten
dimensions, plus the relevant RR field strength, coming as Kalusa Klein modes
on the dimensional reduction. This is part of the conjectured relation of type
IIA superstring theory and M-theory. In any case the M-branes solutions of
D = 11, N = 1 supergravity are given below. For the electric M3-brane we
have,
ds2 =
(
1 +
K3
r6
)−2/3
dxµdxµ +
(
1 +
K3
r6
)−1/3
dymdym,
Aµνρ = ǫµνρ
(
1 +
K3
r6
)−1
, (55)
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Figure 12: Multicentre D-branes
where µ = 0, ..., 2, m = 3, ..., 10. For the magnetic M5-brane we get
ds3 =
(
1 +
K6
r3
)−1/3
dxµdxµ +
(
1 +
K6
r3
)2/3
dymdym,
Fmnop = 3K6ǫmnopq
yq
r5
, (56)
where µ = 0, ..., 5, m = 6, ..., 10.
As in the case of the Dp-branes the constant of integration can be related
to the relevant structure constant of M-theory, obtaining that K6 = πl
3
p and
K3 = 2
2π2l6p.
Before finishing the discussion of Dp-branes as solutions of the effective low
energy theories of superstrings theories, we should recall that there is a very
simple generalization to the above solutions which will be used extensible on
future discussions. Basically we can consider what is called a multiple centre
branes solution i.e. a solutions representing a given number of branes, say N in
a parallel configuration. Because the branes are all oriented in the same way,
the supersymmetry conserved is the same as in the previous cases. If we prepare
the solution such that each brane is located at ~ya (see fig. 12) then the only
difference in the brane solution comes in the form of the harmonic function H
H = 1 +
N∑
a=1
K(d,a)
|~y − ~ya|d¯
. (57)
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The form of the electric field ansatz is unchanged , but the magnetic field needs
the following change,
Fm1.......md+1 =
−1
d¯
ǫm1.......md+1∂p
N∑
a=1
g(d¯,a)
|~y − ~ya|d¯
. (58)
This solutions are relevant when we consider Dp-brane configurations with open
string sectors including Chan-Paton factors. In principle this factors produces
a family of Dp-branes, rather than a single brane. In particular strings stretch-
ing between different branes correspond to massive states of the gauge theory
defined on the world volume of the Dp-branes. If we start with N different
Dp-branes all at the same place, we have a SU(N) (U(N)) gauge theory living
on the world volume of the brane. By pulling out one of these branes, we break
the group SU(N) to SU(N) ⊗ U(1), and the mass of the associated W-vector
boson is given in terms of the distance between the bunch of N − 1 Dp-branes
and the pulled out Dp-brane, r and the squared string length
|mass| = r
α′
. (59)
Therefore we have a very nice geometrical picture of symmetry breaking on
gauge theories.
As a last remark we introduce the notion of T-duality for the RR-fields.
From the point of view of the string theory the T-duality transformation is (as
we said on section 2) a hybrid parity operation, this parity restricted to the
anti-holomorphic worlsheet sector is realized in the spinor space as the operator
−iΓ9Γ11 (where x9 is the compact direction). As the RR-fields are bispinors
defined by the corresponding vertex operator, its transformation is defided as,
F = −iFΓ9Γ11. (60)
therefore we get the final relation in terms of the index of F as,
Fµ1...µn = −F9µ1...µn
F9µ1...µn = −Fµ1...µn (61)
The general form of the transformation in the case of non trivial background
metric NSNS-antisimmetric field and dilaton can be found on [10].
6 Near horizon Geometry
Given a Dp-brane metric
ds2 = H−1/2dxµdxµ +H
1/2dymdym (62)
with
H = 1 +
(4π)(5−p)/2(α′)(7−p)/2gNΓ((7− p)/2)
r7−p
(63)
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where r =
√
ymym, the near horizon geometry is defined by the double limit
[12]
α′ → 0 , r → 0
r
α′
= U (64)
with U arbitrary. Using (64) we can rewrite the harmonic funtion H as
H = 1 +
(4/pi)(5−p)/2gNΓ((7− p)/2)
U7−p(α′)(7−p)/2
≈ (4/pi)
(5−p)/2gNΓ((7− p)/2)
U7−p(α′)(7−p)/2
(65)
Geometrically we can think of (63) as a function defined on the (α′, r) plane. In
these conditions (64) defines a blow up of the point (0, 0) generating a divisor
with coordinate U . Using (65) we get for the D3-brane the following near horizon
geometry,
ds23 = α
′
[
U2
(gN4π)1/2
dx2|| +
(gN4π)1/2
U2
dU2 + (gN4π)1/2dΩ5)
]
eφ = g. (66)
which is the metric of AdS5 ⊗ S5.
For a generic Dp-brane we can write the metric in a similar form provided we
use instead of g -the string coupling constant- the Yang Mills coupling constant
on the Dp-brane which is given by (39).
g2YM =
1
4π2α′2τp
=
g√
α′
(2π
√
α′)p−2. (67)
Note that the Yang-Mills coupling constant is also defined as the result of a
limiting procedure where g is sent to infinite or zero, depending on the value of
p. Using the above equation, the near horizon form of the harmonic function H
becomes
H =
dpg
2
YMN
U7−p(α′)−2
(68)
where dp = 2
7−2pπ(9−3p)/2Γ((7 − p)/2). Therefore we get the following near
horizon metric,
ds2 = α′
[
U (7−p)/2
gYM (Ndp)1/2
dx2|| +
gYM (Ndp)
1/2
U (7−p)/2
dU2 + gYM (Ndp)
1/2Up−3dΩ5)
]
eφ = 2π2−pg2YM
(
g2YMNdp
U7−p
)(3−p)/4
. (69)
How should we interpret the near horizon geometries? (To find a more com-
plete list of reference and a deeper introduction see [8]). Since we are performing
the α′ → 0 limit we can think of these geometries as related somehow to the
pure Yang-Mills theory living on the Dp-brane. We can try to establish this
relation from 3 different points of view.
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1. Gauge Singlets: The main idea underlying this approach will consist in
looking for an isomorphism between gauge singlets of the gauge theory on
the Dp-brane and the spectrum of supergravity defined on the near horizon
geometry. Since supergravity is not a complete theory we should look for
its string ancestor on the near horizon geometry background. Supergravity
approximation will be good if the curvature of the near horizon geometry
is large in string units, which in general will implies to take a large N
number of branes.
Notice that the standard open-closed relation in string theory always al-
lows to think of the closed gravitational sector in terms of gauge singlets
of the open string theory. The problem is to find a limit where the closed
string spectrum precisely describes the physics of the gauge singlets (glue-
balls) of the field theory limit α′ → 0 of the open string sector.
2. Renormalization Group: In this approach we start by identifying the
blow up variable U with the renormalization group scale of the gauge
theory. The direct connection between string theory on the near horizon
geometry and the pure Yang-Mills theory on the Dp-brane in the α′ → 0
limit, will be identifying the renormalization group equation of the field
theory with the dilaton behaviour dictated by the Dp-brane near horizon
geometry through the string beta function equations.
3. Matching of Symmetries: A more concrete procedure to find a relation
between the near horizon geometry and the pure Yang-Mills theory is by
matching the symmetries of the Yang-Mills theory with the isometries of
the near horizon geometry. the relevant data for the Yang-Mills theory are
their supersymmetries and global R-symmetries. From the supergravity
point of view we should consider the corresponding superalgabra.
Let us consider the simplest case of the D3-brane. The corresponding super-
Yang-Mills theory is D = 4, N = 4. This is a theory with 16 supersymmetries
and conformal invariance that is described by the superconformal N = 4 super-
algebra. As we will see in the next section, the matching with the near horizon
symmetries comes from the fact that in AdS5 ⊗ S5 we get an enhancement of
supersymmetry.
From the point of view of the renormalization group the matching is in this
case trivial since on one side we have β = 0 and on the other a constant dilaton.
The most difficult aspect is of course the correspondence between gauge sin-
glest and supergravity fields. Here the geometry of AdS space time is specially
important. In fact we will look for a correspondence between supergravity fields
ψi and gauge singlets observable θi of super-Yang-Mills theory is D = 4, N = 4
in such a way that ψi at the boundary of AdS5 can act as a source for the
operators θi through an interaction term of the type,∫
dx4 θi(x)ψi(x) (70)
with ψi(x, U) the boundary value of ψi(x, U).
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The operator θi can be characterized by their conformal weight ∆i hence we
need ψi to have dimensions of the type [lenght]
∆i−4. This condition fixes the
mass of the field ψi to be determined by the following relation,
∆i = 2 +
√
1 +R2m2 (71)
for R the AdS5 radius. Once we have this correspondence between AdS5 fields
ψi and the observable θi of super-Yang-Mills theory is D = 4, N = 4 the recipe
for computation of the amplitudes is given by,
〈e
∫
dx4 θi(x)ψˆi(x)〉SSYM = eSsugra(ψi(x,U)) (72)
with ψi(x, U) |U=0= ψˆi. Relation (72) is of course valid as long as the AdS5
radius is large enough. It is conjectured that string corrections to the r.h.s.
of equation (72) still reproduce SSYM dynamics, but for the time being this
conjecture has not been proved.
In Summary the correspondence between AdS5⊗S5 supergravity and super-
Yang-Mills theory is D = 4, N = 4 is based on two facts: i) the isomorphism
of superalgebras for N = 4 SSYM and N = 8 AdS5 supergravity, isomorphism
that actually depends on the enhancement of supersymmetry in AdS5 and ii)
the special structure of the conformal infinity of AdS5, which is isomorphic to
four dimensional Minkowski space time. How to extend this picture to non-
conformal cases is an interesting open problem. Most likely the starting point
in trying to solve this problem will consist in a systematic string reinterpretation
of quantum field theory renormalization group equations.
7 Supersymmetry
M-branes and Dp-branes are known to be BPS states. That is to say that
saturate a Bogoumoly inequality relating their mass and charge. In turns this
imply that the supersymmetry preserved by this objects is a fraction of the
maximal supersymmetry appearing on the theory. In this case we have only 16
real supercharges or 1/2 of the maximal number of real supercharges that is 32
for D = 11 , N = 1 supergravity and D = 10 , N = 2 supergravity. A nice way
to see why we have this relation between BPS states and fractional number of
the maximal supersymmetry conserved, is to look on the superalgebra of the
above theories at infinity (where we can defined mass and charge, associated
with the Poincare group). The general form of this superalgebra is, in the
presence of branes given skematically by
{Q,Q} = ΓMPm + ΓM0...MpZM0...Mp , (73)
where P is the momentum and Z is form defining the charge carried by the
brane. The BPS status of the brane tell us that the mass and the charge are
equal, therefore in static configurations we get
{Q,Q} = m(1± Γ0...p), (74)
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clearly the eigenspinors of {Q,Q} satisfy
Γ0...pǫ±0 = ±ǫ∓0 . (75)
The operator Γ0...p squares to the identity and is trassless. Therefore the number
of independent eigenvalues is one half of the maximum possible, in other words
16.
We can see the above mechanism in the supergravity solutions of the Branes
that we study before. In the type II supergravity case the supersymmetry
transformation acting on the fermionic field gives the following equations,
δψM = ∂M ǫ− 1
4
ωABM γABǫ+
(−1)p
8(p+ 2)!
eφFM1...Mp+2γ
M1...Mp+2γM ǫ
′
(p) (76)
δλ = γM (∂Mφ)ǫ +
3− p
4(p+ 2)!
eφFM1...Mp+2γ
M1...Mp+2ǫ
′
(p) (77)
ǫ
′
(0,4.8) = ǫ ǫ
′
(2,6) = γ11ǫ ǫ
′
(−1,3,7) = ıǫ ǫ
′
(1,5) = ıǫ
∗ (78)
where ǫ is a 32-component spinor, and ω is the spin connection After solving
for the Dp-brane solutions we found the equations
δλ = H−1/4γr∂rφǫ+
(3− p)eφ(∂rH)γr
4H
8−p
4
γ0...γpǫ
′
δψα = ∂αǫ+
(∂rH)
8H
3
2
γrγαǫ+
eφ(∂rH)
8H
9−p
4
γrγαγ0...γpǫ
′
δψr = ∂rǫ− e
φ(∂rH)
8H
7−p
4
γ0...γpǫ
′
ǫ
′
(0,4.8) = ǫ ǫ
′
(2,6) = γ11ǫ ǫ
′
(−1,3,7) = ıǫ ǫ
′
(1,5) = ıǫ
∗ (79)
Where we have used the splitM = (α, r, θ) where (r, θ) are perpendicular coordi-
nates to the brane, also ǫ is a 32-component spinor, and ω is the spin connection
[16]. Note that we have on propose leave the dilaton unspecified in terms of H .
The first thing to note about this system of equation as is that for the D3-
brane case the dilatino equation is satisfied independently of the type of spinor
consider, therefore we are left with only the gravitino constraints 3. This is a
consequence of the fact that in this case the dilaton is constant. For the other
Dp-branes the dilaton equation is present and the solutions are dilatonic.
The dilatino equation is up to multiplicative factors the projector operator
appearing on equation (74), therefore its presence implies the breaking of 1/2
of supersymmetry. Also note that the gravitino equation on the worldvolume
coordinates is proportional to the same projector up to a additive factor of
the form ∂αǫ. The last equation referring to the gravitino components on the
perpendicular space doesn’t correspond to to the full projector but just the part
3This case is similar to the M2-brane and the M5-branes, where the supersymmetry equa-
tions are written in terms of the gravitino constraints only (in D = 11 there is no dilatino)
24
showed on equation (75) plus a partial derivative on the perpendicular direction.
The solution of this equations is obtained by assuming no dependence on the
worldvolume coordinates plus using the eigenspinors defined on equation (75),
giving the result
ǫ = H−1/8ǫ0. (80)
where ǫ0 satisfied that ǫ0 = −γ0...γpǫ′ . Hence we get only the expected 16 real
supercharges.
Let‘s next consider the case for the near horizon geometries obtained from
the Dp-branes solutions. At first this question could be consider a bit trivial,
after all we are talking about Dp-brane solutions in certain regions, and we
already know the BPS structure of this type of solutions. Nevertheless note
that the near horizon limit change the asymptotic structure of the metrics. In
those cases we lost the Minkowski structure and the relation with the Poincare
invariants like the mass. The argument showed at the beginning of this section
simply doesn’t applied to this situation.
To study the supersymmetry properties of these near horizon geometries we
start with the equation (79). Our goal is to define the near horizon limit of this
set of equations. For the gravitino equations, the limiting recepee is quite simple
due to the fact that the gravitino supersymmetry variations are components of
a one-form, therefore we have an geometrical object where to define the near
horizon limit, basically
δψˆ ≡ limNH (δψ) = limNH
(
dxMδψM
)
= limNH
(
dxM
)
limNH (δψM ) ,
(81)
hence we get
δψα = ∂αǫ+
(∂uh)
8h
3
2
γuγα[ǫ+ γ0...γpǫ
′
],
δψu = ∂uǫ−
(
∂uh
8h
)
γ0...γpǫ
′
, (82)
where h = g2YM/U
7−p. On the other hand the dilatino equation is a bit more
subtle, as it is a scalar from the point of view of ten dimensional supergravity.
We can define its near horizon limit by consider the dilatino variation as part
of the relevant gravitino in a higher dimensional theory like eleventh or twelve
dimensional dimensional supergravity. Once this is done the resulting near
horizon limit is,
δλ = α′1/6
[
(3− p)(∂uh)γu
4h
5
4
[ǫ+ γ0...γpǫ
′
]
]
. (83)
In this case the dilatino equation goes to zero in the near horizon limit,
giving no constraints. Nevertheless the consistency conditions corresponding to
the gravitino equation, contains the dilatino equation among others. After the
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usual decomposition of the killing spinors, defined by the canonical projector
on this ansatz, we find that one half of the supersymmetry is always preserved
if the dilatino constraint is satisfied , but the other half is conserved only if the
function h, behaves as
h ∝ 1
U4
, (84)
therefore we found the possibility of enhancement for p = 3 only. The killing
spinors equation found in this case corresponds to the AdS equation
∂αǫ− u
g
1/2
YM
γα(1− γu)ǫ = 0,
∂uǫ − 1
2u
γuǫ = 0, (85)
with the well known solution.
ǫ1 = u
1/2ǫ+0 ,
ǫ2 =
(
u−1/2 +
u1/2
2g
1/2
YM
xαγα
)
ǫ−0 . (86)
The M-theoretical cases go along the same line of reasoning as before, here
we show in detail the M2-brane only. The supersymmetry transformation for
the gravitino in eleventh dimensions give,
δψˆM = ∂M ǫˆ− 1
4
ωˆABM γˆAB ǫˆ −
1
288
(
γˆBCDEM − 8eˆBM γˆCDE
)
FˆBCDE , (87)
where M,N,O refers to Einstein index and A,B,C refers to Lorenz index, eˆ is
the elfvien and ωˆABM is the spin connection. Also we have hatted the variables to
avoid confusion with ten dimensional variables. After solving for the M2-brane
ansatz we get,
δψˆα = ∂αǫˆ− (∂rH)
12H
3
2
γˆrγˆα (1 + γˆ0γˆ1γˆ2) ǫˆ,
δψˆr = ∂r ǫˆ− (∂rH)
6H
γˆ0γˆ1γˆ2ǫˆ. (88)
The solution for this system of equations is again of the form,
ǫ = H−1/6ǫ0. (89)
where ǫ0 is a constant spinor with only the expected 16 real degrees of freedom.
To study the the supersymmetries in the near horizon limit for the eleventh
dimensional case, we consider the relevant near horizon limit, giving as a result
on the killing spinor equation
∂αǫˆ − u
k1/2
γˆα(1− γˆu)ǫˆ = 0,
∂uǫˆ− 1
2u
γˆuǫˆ = 0, (90)
which tell us that also in this case we get enhancement of supersymmetry.
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8 T-duality and Near Horizon Geometries
One of the questions that naturally arise, once we have a duality between QFT
and string theory on given backgrounds, is the meaning of pure stringy symme-
tries from the point of view of the QFT. For example in the celebrated AdS/CFT
correspondence the SL(2, Z) S-duality of the Type IIB-string can be interpreted
as the string version of the well known Monton Olive SL(2, Z) duality of N = 4
SYM [11]. The quantum field theory meaning of T-duality is however a bit
less clear since T-duality interpolates different D-branes and therefore tends
to define maps between Yang Mills theories in different dimensions. Moreover
T-duality transformation generally produce explicit breaking of supersymmetry.
The simplest possible way to address this questions on T-duality in a purely
quantum field theoretical framework is of course by defining the quantum field
theory using the near horizon limit of D-branes metrics and working out in this
limit T-duality transformations.
To begin with, let us start considering a D3-brane living in a ten dimensional
space time with one of the orthogonal coordinates compactified on a circle S1
of radius R. The corresponding metric is given by
ds23 = H(r, R)
−1/2(dx2||) +H(r, R)
1/2(d(θR)2 + dr2 + r2dΩ4)
eφ = g, (91)
with x|| standing for world volume coordinates and the harmonic function H
given by
H(r, R) = 1 + gl4s
N∑
n=1
∑
ni
(
Qn
[(y9 − yn9 + n9R)2+ | r − rn |2]4/2
)
, (92)
where g is the string coupling constant, ls is the string length, Qn is the charge
of the D3-brane, R is the radius of the circle S1 and r is the radius on spherical
coordinates for the ℜ5 space time. From now on we will ignore any constant
and will work with meaningful variables on the discussion, and always at large
N.
At distances much longer than R, we can Poisson resume the expression (92)
obtaining
H(r, R) = 1 +
l4sg
Rr3
. (93)
This is a good solution as far as R is small enough.
I we are interested in the near horizon limit [12] of this metric we would be
forced to defined this limit by performing a double “blow up”, namely(
α′ → 0 , U ≡ r
α′
= constant , v ≡ R
α′
= constant
)
. (94)
Notice that the new variable v correspond properly speaking to a blow up of
the point R = 0 in the moduli of the target space time metric (91) with the
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harmonic function of (93). After performing the blow up (94) we get the metric
ds23 = α
′
[
U3/2v1/2
g1/2
(dx2||) +
g1/2
U3/2v1/2
dU2 +
g1/2U1/2
v1/2
dΩ4 +
g1/2v3/2
U3/2
dθ2
]
eφ = g. (95)
Note that the dilaton field for this solution is constant. The topology of the
space time (95) is that o a fibration of a circle S1 and a sphere S4 on the space
defined on the coordinates (xα, U) with the corresponding radius
RS1 = (
gv3
U3
)1/4,
RS4 = (
gU
v
)1/4, (96)
which depend on the moduli v. It is easy to see that this space time admits only
16 real supercharges, the simples way to understand this is observing that 12 of
the Killing spinors for the near horizon geometry of the D3-brane are projected
out once we compactify a transverse direction (we will come back to this point
later on).
From the QFT point of view we should expect the metric (95) to be related
to a SYM in 3 + 1 with 16 real supercharges and with a peculiar R-symmetry
given by the isometries of S4⊗ S1. The type of strings living on the space time
(95) is Type IIB.
Consider next the candidate for a T-dual geometry, namely the D4-brane
compactified on a S1 of radius R, on its world volume. This solutions is given
by
ds24 = H
(−1/2)(dx2|| + d(θR)
2) +H(1/2)(dr2 + r2dΩ4)
eφ = gH−1/4, (97)
with x|| expanding the non-compact four dimensional part of the world volume
of the D4-brane, and the corresponding harmonic function
H = 1 +
gl3s
r3
. (98)
Taking the near horizon limit, defined by again a double blow up(
α′ → 0 , U ≡ r
α′
= constant , g25 ≡ gα′1/2 = constant
)
, (99)
we get the metric
ds24 = α
′
[
U3/2
g5
(dx2|| + (dθR)
2) +
g5
U3/2
dU2 + g5U
1/2dΩ4
]
eφ = g
3/2
5 U
3/4. (100)
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Figure 13: Moduli space for near horizon D4-brane.
Note that this time the dilaton is not constant. The number of supersymmetries
in this brane is again 16 real supercharges, however the QFT interpretation is a
bit different, In this case we have a D = 5 SYM theory living on ℜ4 ⊗ S1. The
corresponding radius of the four-sphere and the circle are
RS4 = (g
2
5U)
1/4,
RS1 = (
U3R4
g25
)1/4. (101)
Before proceeding any further, let us clarify the picture we have (see fig. 13).
In the D3-brane case we obtained the near horizon geometry as the result of
a limit where it was left one of the moduli g constant but we allowed R to
varied such that, at R = 0 we create a divisor v. This two variables define our
moduli (v, g). The resulting geometry is that of a base space expanded by the
coordinates (x, U) and fibers S4 and S1 with the radius of equation (96). In the
D4-brane, we obtained the near horizon geometry as the result a another limit
where one of the moduli R is maintained constant while the other g varies such
that at infinite point we create a new divisor g5. This two variables define the
new moduli (R, g5). Again the geometry obtained is that of a base manifold
expanded by the coordinates (x, U) and fibers S4 and S1 with the radius of
equation (101). In order to identify both metrics (94,100) by T-duality we most
require the following relation between the different moduli,
g =
g25
R
,
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v =
1
R
. (102)
Provided that this relation holds, we can perform the T-duality transformation
following the normal Buscher rules [13]. In principle we could run into difficulties
if there appears to many singular point on the fibration, so that T-duality could
loose its natural meaning. This T-dual map is well defined all over the base
manifold, Actually we only have singularities at U = 0 and U = ∞ but both
points are related rather to wrong coordinate patches than real singularities.
Therefore this T-dual map is a very trivial example of fiber-wise T-duality [14].
The map described above is defined by T-duality, and effectively acts between
the two moduli.
By now we have a neat relation between the bare coupling constants of both
gauge theories in the two near horizon metrics. On the other hand it is usually
associated to the dilaton behavior, the value of the corresponding running cou-
pling constant i.e. the effective gauge coupling constant. Therefore to obtain
the effective coupling of the compactified gauge theory on the world volume
of the D4-brane, we considered the ratio of the effective coupling constant of
the five dimensional gauge theory g5 squared, with the effective radius of com-
pactification namely the radius of the S1 given on equation (101), hence we
get
g24eff ≡
g25eff
Reff
. (103)
Then after solving for the moduli variables (v, g) we obtain
g24eff = g. (104)
Therefore the effective coupling constant of the gauge theory we are studying
from the point of view of the near horizon D4-brane has the same running as
the the gauge theory on the near horizon D3-brane, as it should be expected
invoking its duality relation. Note that the equation (103) was obtained by
plausibly physical relations, however this equation is nothing more than the
changing rule for the dilaton under T-duality!.
On the other hand the super Yang Mills theory on the D4 brane is not
renormalizable, we can trust it only at low energies. This aspect of the gauge
theory can be seen from the gravitational point of view. Note that for this
geometry (100) the dilaton grows for large U . Actually, we can trust on this
solution as long as U ≥ 1/g25, after this point we should think in terms of
M-theory.
The other possibility we have is to consider the D3-brane wrapped on a circle
S1 of radius R. This time the near horizon geometry is defined by the limit(
α′ → 0 , U ≡ r
α′
= constant
)
, (105)
where (g,R) are kept constant on the process. Note that this time we don’t
have the double blow up of the above cases. The resulting metric is given by
ds23 = α
′
[
U2
g1/2
(d(Rθ)2 + dx2||) +
g1/2
U2
dU2 + g1/2dΩ5)
]
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eφ = g. (106)
Again the dilaton is constant, and the topology is that of a fibration of a circle
S1 and the sphere S5, on the space defined by the coordinates (xα, U), with the
corresponding radius
RS1 =
UR
g1/4
,
RS5 = g
1/4. (107)
This configuration also only admits 16 real supercharges. The situation on the
field theory should be that of a D = 4 SYM theory living on ℜ3 ⊗ S1 with 16
real supercharges and R-symmetry contained on SO(6).
The T-dual near horizon background is the result of first, a Poisson resume
of the D2-brane solution with a transverse direction compactified on a small
circle S1 of radius R, second its near horizon limit defined by the triple blow
up, here showed
α′ → 0 , U ≡ r
α′
= constant,
v ≡ R
α′
, g23 ≡ gα′−1/2 = constant. (108)
The resulting metric and dilaton are given by
ds22 = α
′
[
U2v1/2
g3
(dx2||) +
g3
U2v1/2
dU2 +
g3
v1/2
dΩ5 +
g3v
3/2
U2
dθ2
]
eφ =
g
5/2
3
Uv1/4
. (109)
This time we have space time with 16 real supercharges, the metric defines
a fibration on a circle S1 and the sphere S5 on the base space expanded by
the coordinates (xα, U) and the field theory point of view should be that of a
SYM theory on 2 + 1 dimensions, with 16 real supercharges, and R-symmetry
contained in S0(6)⊗ U(1). The corresponding radius of the fibers are
RS1 =
g
1/2
3 v
3/4
U1/2
,
RS5 =
g
1/2
3
v1/4
. (110)
To perform the T-duality map between this two metrics, we require to identify
the moduli as follows,
g =
g23
v
,
R =
1
v
. (111)
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Similar remarks about the validity of T-duality of the D3-brane and the D4-
brane are applicable to this case.
In general, we can consider the above type of compactification of the D3-
brane on a T 3−s, which take us to the near horizon D(s)-brane on a T 3−s
in the perpendicular coordinates. The metric of these geometries looks like
AdSs+2 ⊗ S5 ⊗ T 3−s. When the holography map between the gauge theories
and the bulk geometries is defined 4, the radius of the torus is very small. Also
we found that when R →∞ we recover on these D(s)-branes, the full range of
running for U (0,∞), while for small R we are forced to stay at big values of
the holographic variable U .
It is well known that T-duality breaks supersymmetry in some cases [15],
our previous metrics are not exceptions to this phenomenon. Note that we
are relating theories with 16 real supercharges, but we alredy showed that the
near horizon D3-brane shows enhancement of supersymmetry. The matching
condition for the number of supersymmetries is given by the fact that the com-
pact direction on the D3-brane (on both cases) eliminates the possibility of that
enhancement, while the other Dp-branes don’t show the enhancement at all.
It is important to notice that the supersymmetries which are broken by T-
duality correspond to those which get enhanced in the particular case of the
D3-brane, i.e. the bilinears associated with the broken Killing spinors, are the
conformal Killing vectors.
In our previous analysis we have consider the two dual pairs (D3/D4) and
(D2/D3). Both star with the D3-brane with the only difference that the com-
pactified dimension is or not on the transversal direction. Let us study a bit
more carefully both pairs. In the (D3/D4) case the D4-metric is characterized by
two different moduli (g5, R). After the work in Matrix theory [17], it is natural
to interpret g5 as related to the eleventh dimension of M-theory and therefore
to consider this metrics as coming from a compactification of M-theory on a
T 2, with sizes determined by the two moduli g5 and R. Also it is well known
[18] that in the limit where the volume of the two torus goes to zero, we should
recover type IIB theory. This mechanism implies the dynamical generation of
a “quantum” dimension with the corresponding Kaluza Klein modes associated
with the menbrane wrapped on the two torus. When we apply this mechanism
to our case it is natural to expect to get in the limit of zero volume for the two
torus (V ol(T 2)→ 0) the type IIB D3-brane metric of equation (95). Using the
relations (96) and (102) we observe that the limit V ol(T 2)→ 0 corresponds to
a ten dimensional type IIB theory, where the extra “quantum” dimension is the
S1 circle in the limit v → ∞, with the radius given by (96). The up lifted of
the D4-brane to M-theory give us a M5-brane wrapped on a circle determined
by the value of g5. In addition to this, in our case we wrap the M5-brane on
another circle defining the two torus characterized by the two moduli (g5, R).
In the limit V ol(T 2)→ 0 what we get is the M5-brane wrapped on a two torus
of zero volume, that produce a D3-brane with the extra dimension defining the
4Recall that the holographic conjecture of Maldacena only applies within a range of validity
of U for the case p different from 3
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transversional circle in the metric (95).
Hence the theory on the D4-brane gets embedded in the six dimensional
(2, 0) theory on the M5-brane. As it is well known for the M5-brane we get
enhancement of supersymmetry and therefore we can say that the D4-brane
theory will flow to a conformal point in strong coupling. In other words what
we observed is that once we break the superconformal generators by T-duality
the resulting theory naturally flows to recover the supersymmetry by up lifting
to M-theory.
Let us now consider the T-dual pair (D2/D3). This is very similar to the
previous case. In the D2-brane metric the moduli is characterized by (g3, v),
which again should by interpreted as M-theory compactified on a two torus of
size g3 and v. In the limit when the volume of the two torus goes to zero, we
should recover the type IIB-picture by exactly the same mechanism described
above. The D2-brane is now up lifted to a M2-brane but contrary to what
happens in the (D3/D4) case, the extra “quantum” dimension becomes now
part of the world volume dimension of the T-dual D3-brane. More precisely
what we observed is that the compact “world volume” dimension in the metric
(106) is the extra “quantum” dimension in the type IIB that we get when we
compactify M-theory on the two torus characterized by (g3, v). In other words
what we observed, is that the T-dual description in (106) of the uplifted D2-brane
is a three dimensional theory becoming four dimensional for “strong coupling”
v → 0 in equation (111).
As before with the (D3/D4) pair we also observe here that the theories
flow to reach superconformal invariance. Notice that this two dual saturate the
known examples of superconformal theories namely the D3-brane, M2-brane
and M5-brane. The (D3/D4) pair is related to the M5-brane and the (D2/D3)
pair to the M2-brane. The previous conjecture is in contrast to the mechanism
suggested in [19] for solving the cosmological constant problem. In that we
can start with a three-dimensional theory that is expected to flow in strong
coupling to a four-dimensional theory. Massive particles in three dimensions
are associated with conical geometries, when some amount of supersymmetry
is broken. The suggested solution to the cosmological constant problem, is
based on the assumption that these supersymmetries are not restore in the
strong coupling four-dimensional limit. In our case, we have simply studied
supersymmetry generators associated with conformal transformations that are
the ones naturally broken by the action of T-duality, and we find they are
restored in the up lifted “M-theory” limit.
The general picture emerging from the previous discussion is that once we
start with a superconformal theory, T-duality generally breaks the supersymme-
tries associated with the superconformal transformations, however the T-dual
theory tends to flow to recover these supersymmetries broken by T-duality up
lifting to M-theory.
To be more precise, starting with a D3-brane with the world volume com-
pactified on a circle of radius R, we break for finite radius the supersymmetries
associated with those Killing spinors depending on world volume coordinates.
Those are associated with the enhanced supersymmetry. In order to decide if
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Figure 14: Flow to the superconformal QFT.
T-duality breaks or not supersymmetry, we perform a T-duality to a D2-brane.
Once we have done that, we send the radius R to infinite. In this limit we
recover for the D3-brane the whole superconformal algebra, then if T-duality is
not braking supersymmetry we should find that the T-dual of the R→∞ limit
possesses enhanced superconformal invariance. In fact this is what happened.
By relation (111), when R → ∞ then v → 0 and g23 → 0 for finite g, but g23
can be interpreted as 1/∆ for ∆ the size of the eleventh dimension. Thus the
D2-brane becomes uplifted to M2-brane recovering the superconformal tran-
sormations. In a certain sense M-theory is there to work out the breaking of
supersymmetry induced by T-duality.
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